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ABSTRACT 


A general design technique for root placement with full 
state feedback using transfer function methods is presented. 
The design procedure presented is applicable for linear, time 
invariant (LTI) systems in the s-domain for continuous time. 
This general design technique is then used to develop and 
explore design procedures for root placement with partial 
state feedback. Numerous system examples are presented tc 
demonstrate tne procedur2= with this design technique when 


less than ali the system states are avallable to be measured 


Thy 


and fedback. Both the all pole plant andthe plant with a 


Zero are considered. 
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I. INTRODUCTION 


Many physical systems may be modeled by differential 
equations as single-input, single-output systems. The 
differential equations, with initial conditions, can be 
transformed to the s-domain to yield algebraic equations with 
the complex variable s. These algebraic equations in the s- 
domain may be written as a ratio of output to input to yield 
a system Eras cor eel une coh . system plants are often 
Gescribea by transter functions in the s-domain. To actually 
design, build and test a plant for a specific purpose can Ee 
avery time-ienctny endeavor. Usually a plant is "bought off 
the shelf" to perform a particuiar task, and a specific 
controi system is designed to drive and/or restrict that 
system as applicable. In many cases the "control design" of 


the system tollows the "application design" of the system. 


BD 


The concept of feedback plays a major role in most automatic 
control systems. 

The feedback design procedures presented in this research 
paper are applicable to linear, time invariant (LTI) systems 
in continuous’ time. It is assumed that the reader is 
familiar with classical control design tools, i.e., root 
locus, BODE, and NYQUIST. The time performance of a system 


1s @ criticai design factor in an automatic control system. 


The time performance criteria of a system is usually measured 
as a function of the initial overshoot and nunmbenaiee 
osciliations to a givén input, and the settling time of the 
transient response. Dominant roots are chosen to satisfy the 
time specifications of a system. Figure 1.1 and Appendix A 
show the key parameters for controlling a second order 


system. 
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Flew ec. i. b Dominant Roots 


The number of feedback states in a system is usually a 


function of the following parameters: 


1.) 166OS€ 
2. weight 
ce size 


application 


> 


Nh) 


Chapter II presents a design technique for root placement 
with full state feedback using transfer function methods for 
the all pole plant when only N-1 rocts may be chosen by the 
designer. The final results using this design procedure are 
equivalent tc those using classical state variable analysis 
techniques when all N roots are chosen by the designer. 
Chapter III further develops the design procedure for root 
placement with partial state feedback using transfer function 
meenods for the all pcle plant. With this design procedure 
less than all the states are available to be measured anda 
fecaback. The aesign procedures developed in Chapter III for 
partial stete feecback uSing transfer tunction methods does 
mot use an observer. An observer is used to control a system 
when less than all of the states are available to be measured 


feedback. An observer may be defined generally asa 


CL 


an 
pPnysicail feedback device that uses measured data from the 
Mieteyoltput, and accessible states of a systen, to estimate 
those states that are not directly accessible to be measured 
ana tedback. Chapter IV extends the design procedure for the 
plant with a zero. 

The procedures developed in Chapters II-IV are effective 
design procedures in many cases. However, they will not 
always satisfy the given system specifications. In such 
cases, a combination of the design procedures presented in 
this paper and other compensation schemes should be 


considered by tne engineer. 


LJ 


II. FULL STATE FEEDBACK: ALL POLE PLANT 


A. INTRODUCTION 

Designing a control system using root placement with full 
state feedback requires that all of the states are available 
to be measured and fedback. With classical state variable 
root placement methods, all roots of the system must be 
specificaliy located by the designer. Root placement with 
fuli state feedbacs utilizing transfer function methods, 
however, requires that only N-1 roots be specifically locatecd 
em desi 


ner. The unspecified root will follow an 


e [2 = ~aee 
tne s¥ST 


1C) 


asymetotic angle of -18C° tewards infinity as the gain Gia 
Svstem apprcarthes infinity. The number of excess poles 1n 4a 
system is not changed by state feedback. With full Siem 
féedbark usine tranzier function methods, the system outa 
and the cutput's N-1 derivatives are the feedback states 
[Ref. l:p. 2]. The general concepts developed for full state 
feedback in this chapter are applicable to partial state 


feedback design techniques considered in subsequent chapters. 


B. GENERAL CONCEPT 

As is generally the case with any system that is to be 
compensated or modified, the first step is to completely 
evaluate the uncompensated system. This initial system 
evaluation would include, but should not be limited to, 


findince the system roots and error coefficient, and Cbtagiea. 


Tf) 


BiomiineGommDensaceG §"SOUE Gdiagram and root iocus plot. It i 
assumed that it is known how the compensated system 1s té 
perform, i.€., system specifications have been given and a 
pair of dominant roots have been selected to ensure system 
stability, accuracy and desired transient response behavior. 
The required time performance specifications of the system 
usually determine the location of the dominant roots. The 
dominant roots of a system are defined in a general sense as 
those roots of the closed loop system with the smallest real 
value. 

Usinc root placement with transfer function methods, the 
eystem output ana the output's N-i derivatives are the 


teedback states. Figure 2.1 shows the basic block diagram 


myPoL + OGeer Wa: 








Figure 2.1 Basic State Feedback Block Diagram 


Tne feedback states shown in Figure 2.1 may be combined into 


a feedback polynomial as shown in Figure 2.2. 


ENED OUTPUT 





Figure 2.2 Reduced State Feedback Block Diagram 


~gure 2.3 shows that the reduced state teedback block 
Glacram in Figure 2.2 may be further manipulated to préseive 
unity teedback by fplacing the coefficient of the zeroth 
Gerivetive in the forward path. 
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Figure 2.3 Unity Feedback Preservation 


The piant can be defined in general terms as 


K 
Ee ———————— yes 
SN+Cy-15"7174+Cy- 2877 7+...4+C18'*+Co 
and from Figure 2.2, the feedback polynomial is 
His)= kxn-1S” *+...+k.S?*+kKo Veo) 


Thus the characteristic equation for the compensated system 


becomes 


0) 
) 


S™+(Cnyn-itKkKn-1} S777 +...4+(Ca1t+KkKi )S+(CotKKo)= 9 


$8) 
€) 
Fh 


From the theory cf eéqitiations it a1s known that the root 
any polynomial are functions of the pelynomial's csefficients 
and conversely the polynomial's coefficients are a function 
Sieciat pOlynomiai’s roots. From inspection of equaticn 2.3 
it is clear that every root of the system may be specifically 
located by adjustment ene the feedback coefficients. 
Therefore if N-1 roots of the characteristic equation are 
chosen, the coetticients of this polynomial are the desired 
feedback gains [Ref. l:p. 1-2]. 

The G(S)H(s) function can be written in factored form 
from equations 2.1 and 2.2 to yield 

K(S+lu¢e)1)(Stlu¢ay2)--.- (Stlu¢e)Nn-1) 


G(s)H(s)= —————$_____________ (2.4) 
(Sta .a)y1) (Sta (ay2)...(StlToce)n) 


Equation 2.4 shows that the system has one excess pole and 
the zeros of the H(s) functicn define the system designer's 
desired root locations! The root loci of the system will 
start at the open loop pole locations and end on the zeros as 
the gain of the system approaches infinity. The unspecified 
root must be real and moves on the negative real axis towards 
infinity [Ref. l:p. 6]. The loop gain required to move the 
roots to the zeros of the G(s)H(s) function will approach 
infinity as the roots approach the zeros. This extremely 


nhign losp gain is usually not realizable and drastically 


changes the error coefficient of the system. However, DY 
offsetting the zeros that are attracting the chosen dominant 
rocts, the system loop gain can be significantly reduced. 


The zero offset locations are chosen by extending the path of 
the rect loci past the desired dominant root locaticn®) §em 
the reros that are attracting the dominant roots are offset. 
Tne zers offset procedure 18 a trial ana error procedurewen 
15 dependént on the particuiar system under design. 

EARMeGe 2k Equation 2.& defines the plant £0r aepemaa. 


crder system. 


kK 
Gls)= =e (23:58) 
Ss(st+5) (s+5)(S+10) 
Dominant root locations have been chosen at S= -=-24j2 to 


satisfy required system time performance and bandwidth 


specifications. The uncompensated root locus plot 1s shown 


Hae toure 2.4.a. Weenleeali ot the States available ts be 


fedback, the designer may name N-1 roots. Tone, third 
specifiable root will be placed at s= -9 to maintain a 
dominant role for the two dominant roots at s= <-24tj2. The 


G(s)H(s) function then becomes 


K(s+2+j2)(s+2-j2) (s+9) 
G(s)H(s)= ————eme— one 0) 
s(s+5)(s+5)(S+10) 
and the compensated root locus plot is shown in Figure 2.4.b. 
An extremely high gain is required to move the roots’ to the 
zeros of the G(sj)H(s) function. Table 2.1 shows the gain 


required to move the specified roots to their desired 


locations and the location of the fourth unspecified root. 


TABLE 2.1 LOOP GAIN AND ROOT LOCATIONS 


K 2S ae 
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1.0 “665i -10.329) 


3) 18. | =1.642231.170 -8./704 may. Ole 
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Figure 2.4.a Uncompensated System Root Locus Plot 
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Figure 2.4.b Compensated System Root Loci without Zero 
Offsets 
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Cleariy the unspecified root (re) moves along the negative 
real axis towards infinity as the loop gain is increased. Te 
Maintain the system errer coefficient and have a realizable 
system gain, zero offset locations are chosen for the zeros 
that attract the dominant’ roots. Figure 2.4.b shows the 
general shape of the root loci as the roots approach the 
zeros of the G(s)H(s) function. By trial and error and using 


a computer aided design (CAD) program, acceptable zero offset 


locations are found at s= <-2.5133.0 such that the rocpmiee 
pass through S=3=220232.0. The modified G(s)H(s) function 
becomes 


kiS+2 45433 .0)(.s+2.5=33..0)ss 0) 


§$(S75)(St5)(S+#+10} 


Figure 2£.4.c shows the root locus plot with Zero 6tieaee 
POCatiGms -cu Sea. oe 


3.0. Using a loop gain equal tomy 


the closé#d lsop roots are located at 


Se V OSS 1299 eo nn ea oe ( 225s 


TN 


and the compensated block diagram is shown in Figure 2.4.d. 
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Figure 2.4.c 
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Compensated System Root Loci with Zero Offsets 
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Figure °.4.aq Comsensated System Block Boagptan 


The compenséteac system step response and BODE ciagram are 
shown in Figure: 214.6 ana 2.4.8 respecta ve] 
EXAMPLE <¢.2 The plant fcr a sixth order system is defined 
see eae. 1 ace 
i 
8 SS — (2.98 
s(S+1)(s+5)“($+10) (Ss+50) 
Oncé again the dominant roots are required to be located at 


s= -2tj2 to meet the given system specifications. The 
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Bemattine  Specitftame re LOCt locations are chssen such that the 
roots move as littie as pessible from their natural open iocop 
pole locations, yet allow the dominant roots to retain their 
dominant system role [Ref. 2]. As the compensated system 
loop gain is increased the roots follow the loci shown in 
Figure 2.5.a. By trial and error, zero offset locations are 
found at s= -5.0+j3.8 such that the root loci pass through the 
dominant root locations at s= -2tj2. Tice ECOtmrocus Plot 


Ween tite zero offset iocations 1S Shown in Figure 2<.5.b for 


the Gominant rocts. Seelam soe to LOCuUc me Gagner Gt 26.5, the 
system's dominant roots are located at s= -2tjc2 as depicted 
Meerigure 2.5.€, The compensated system block diagram is 
Bitown in Figure c«.5.a. The compensated system rocts are 
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The compensatec system step response ang BODE diagram are 


Siew ir Figures 2.5.e and 2.5.£ respectively. 
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KAMPLE 2.3 kK 6se@ventn order plant is defined by ecuaticn 


fd 


mel. 
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G(s)= (2.11) 
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The uncompensated root locus plot is shown in Figure 2.6.a. 
Dominant roosts are chosen at s= -2+j2 to meet the time 


performance specifications of the system. The remaining 
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rocts tc Ee chosen by the designer are placead at s= -4, -6 

-9 and -ll. The compensatea root locus plot is shown in 

Begure 2.6.D. Figure 2.6.c shows acceptabie zero criset 
locations at s= -54+j32. The G(s)H(s) function becomes 
k(s+5+2j)(s+5-2j3) (s+4) (s+6)(s+9) (S+11) 

G(s)H(s)= -————————OOewqowum— ii(2.12) 

s(st+1}(s+5)7(s4+10) (S+50) (s+500) 

The compensated root locus plot with zero offset locations is 

miown i Figure 2¢.6.a. JiPeammeboom Gain GL, 1,516, the 

Gominant ~seoots are located at S= +2232 ag Shown by Figure 


= 


..0o.e€, and the system rocts are iocated at 


The compensatec system clock ciagram ais shown in Ficure 


2.6.2, The compensateag system step response and EODE diagrar 
ewes Ow. ihn Figures 2:.¢.gG ana <.6.h respectively PE ele 


meee Lesponse sSshOwr “an Piogure ¢.6.g does not meet the 


requirea time specifications of the system, the designer wiil 
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need to pick a aitferent set cf dominant roots and redésign 


the problem. 
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Pies Cmattel samees. Gi Procedure was presentec frr root 


placement with ftuil state feedback using transfer function 


f) 


methods. With full state feedback, ail N 


eaees ale 


) 


° 


available to be measured and fedback. Therefore the feedback 
polynomial is of order N-1, and the system designer may 
choose locations for only N-1 roots. However, every root cf 


the system may be specifically located by adjustment of the 


feedback coefficients. The N-1 roots specified by the 
designer are the zeros of the Gi{s}H(s} FuTGe lon. Tne 
system's dominant rosts are chosen to meet the time 
BSeeciticstions or the system. The system's unspecified roct 
huct be reai ana moves on the negative rea Q@zis Towaras 
Mireieey., fine 2Zercs that attract the system's cominant rocts 
Meese. CC Maintain the System error coefficient ana tc 
ensure a Téeaiizable EvSTEN gain iw ct) Goce i tec 
Meer cacitns Cf Tae YS TEM Cannot be met using this désign 
Peeeeedu-e, the designer snoulad consicer compensating this 


LJ 
cd 


III. PARTIAL STATE FEEDBACK: ALL POLE PLANT 


A. INTRODUCTION 

In the last chapter we explored design procedures for 
root placement uSing full state feedback with all pole 
Plants. All of the states had to be available to be fedback 
for this procedure. With partial state feedback, less than 
all of the states are available to be fedback. Clearly if 
the lowest ordered state 15 misSing in the feedback path, 
there will be a roct at or near the origin. In most systems 
this is not desirable. If intermediate states are missing in 
the feedback path, there will be zeros in the right half 
plLlane Therefore, it ais assumed that only the higher 
oraered states are net available to be fedback. 

It should be clear that the coefficient of the N= aie 
dn tne charactéristi¢c equation is the summation of the closed 
LOOD TEOOts.. It is alsc the sum of the system's open loop 
proaées ‘Ref. i:p. 1]. With partial state feedback, thiseuy 
is #1xeaq and cannot ve adjusted. Knowing the coefficient of 
the N-1 term will give the system designer an initial 
indication of how much or how little flexibility 1s available 
in compensating the system to meet required specifications. 


In many engineering design cases, the time performance of the 


'From the theory of equations described in virtually all 
classical control theery, textbcokee 
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Siseemets) che Chatiocal design factor that must be satisfied. 
The time performance criteria of a system is usually measured 
as a function of the initial overshoot and number of 
oscillations to a given input, and the settling time of the 
transient response. Utilizing partial state feedback, roots 
are chosen in an attempt to meet required time performance 
criteria. There are plants that cannot be compensated to 
satisfy given system specifications using only partial state 
feedback. In such caseS, a combination of partial state 
feedback and other compensation schemes should be considered 


by the engineer. 


B. N-1 FEEDBACK STATES 

When N-1 states are available to be measured and fedback, 
the system desicnéer may choose locations for N-2 roots. The 
G{(s)H(s) tunction will have two excess poles that will follow 
asymptotic angles of +980°. These poles will attempt to go toa 
infinity as the gain approaches infinity. If the breakaway 
point from the real axis of these two excess poles is far 
enough to the left of the dominant root locations, the system 
designer should not experience much difficulty in designing 
the system to meet given specifications. 
EXAMPLE 3.1 Equation 3.1 defines the plant for a fourth 


order system. 


AE —E—E ————— EE (Goa) 


ys) 


Dominant root locations have been chosen at S= <=22j32 06 
satisfy required system time performance and bandwidth 
specifications. Note that with a fourth order system, the 
designer may only choose the dominant root locations! The 
uncompensated root locus plot is shown in Figure 3.1.a, and 
the compensated root locus’ plot is shown in Figure 3.1.b. 
The summation of the open loop poles is 20, and the numerical 
value for the sum of the two specified dominant roots is 4. 


Therefore a numérical value of 16 remains for the sum of the 


tf) 


two unspecifiec roots that will follow asymptotic paths of 


ane) eee Ge iit ae, as the gain approaches infinity 

Censeguentiy. the two unspecified roots should breakaway from 
the reél @is &2 approximately s= -8.0. This is confirmed by 
LVSDECZIOM “Of Wh wailiines coe. An extremely hign gain is 


required tc move the roots from their open 1606p (2c 


ff) 


locations to the desired root locations. By uSing tne Zercec 


cffiset technique, it iS possible to reduce the SYSteCmheacues 
ana attempc to maintain a reasonable error coefficient. By 
trial and error, zero offset locations are determined at 


S= -3.2+j33.0 such that the root loci pass through een 
dominant root locations at s= -21+j2. The root locus plot 
utilizing the zero offset locations for the dominant roots is 
shown in Figure 3.1.c. With a root locus gain Gt 3/33333em. 
system's dominant roots are located at s= -2+j2 as depicted 
in Figure 3.1.¢c. The compensated system block diagram is 
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MempreSerVe ubity teeaback, the gain of the s? term may be 
relocated in the forward path as shown in Figure 3.1.f£. The 
compensated system step response and BODE diagram are shown 
in Figure 3.1.g and Figure 3.1.h respectively. If the 
resuitant step response does not satisfy the required system 
time performance eriteria, the designer must choose a 
Seeetete; t Set Gl dceminan.= roosts ana redesign, or consider ar. 
altérnate compensation scheme. 
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EXAMPLE 3.2 The plant for a different fourth order system is 
defined by equation 3.4. 
K 
G(s)= ———————__ —— (3:4) 
s(st+t1)7(s+5) 
As in example 3.1, dominant roots are chosen at s= =-2+j2 to 
Satisfy required system time performance specifications. 
With this particular plant however, the sum of the open loop 
poles is 7, and the sum of the two specified dominant roots 
is 4. Therefore the numerical sum of the real parts of the 
PiemeeuioPecit1e€d YOoOtS must equal 3. Using classical root 
locus evaluation techniques, the two unspecified root 
locations must lie to the right of the specified dominant 
root locations. The sum of the open loop poles must equai 
the sum of the closed locp system roots using partial state 
feedback. It should be clear that with this particular ail 
pole plant it || aS not possible to meet the required 
specifications using only partial state feedback. The 
uncompensated root locus plot and the compensated root locus 
plot are shown in Figure 3.2.a and Figure 3.2.b respectively. 
EXAMPLE 3.3 Equation 3.5 defines the plant for a sixth order 
system. 
K 


oS) = EEE £38555) 
Ss(s+1)(s+5)7(s+10) (s+50) 
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Once again the cominant roots are required at s= -2+j2 to 
meet given system specifications. As the uncompensated 
system gain is incréased the roots follow the loci shown in 
Figure 3.3.a. The root loci of the uncompensated system 
cross the jw axis with a gain equal to 27,542. The plant 
transfer function can be rewritten in BODE form as shown in 


equation 3.6 
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function becomes 


$(S+1)(s+5)(s+5}(sS+1C0)(s+50) 


The aGominant roots have been chosen to satisfy tne time 
pertormance and bandwidth requirements of the system. The 
system designer must now determine where to place roots [rs 
and re. The remaining two specified roots allowed to be 
chosen by the designer should be chosen such that the roots 
move as little as possible from their natural open loop pole 
locations yet allow the dominant roots to retain their 


Gominant system role. In this particular example, TOOUTSiiae 
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Figure 3.3.a Uncompensated System Root Locus Plot 
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and re will be chosen at s= -4 and s= -6. This choice will 
not move the open loop roots from their natural locatitGiewae 
s= -5 and s= -5 significantly, and the dominant roots at 
S= -2tj32 will retain their dominant role. Furthermore, we 
want to control the roots originating at s= -5 and s= =5 
because they are nearest the desired dominant root locations. 
Figure 3.3.b shows the compensated system root locus plot. 
The numerical summation of the open loop poles is 71, and the 
numerical summation of the four specified roots is 14. 
Therefore a mumerical value of 57 remains for the sum of the 
two remaining unspecified roots. This indicates that the 


remaining two unspecified roots should breakaway from the 


real axis at approximately s= -28.5, significantly to tne 
2€ft Gf the @eomindan eee OOvn! oOCaulonc- This is confirmed te 
inspection of Pilowre 53.3 .b: The zero offset technique is 


used to reduce the root lecus gain and attempt to maintain 


the original open loop error coefficient. Figure 3.3-e siege 


is 


the general shape cf the dominant root loci as the zeros of 


Q) 


the Gis)H(s) function approach the poles of the G(s)H(s) 
function as the gain approaches infinity. By trial and 
error, zero offset locations are determined to be at s= -4tjl 
such that the root loci pass through s= -2+j2. The root 
locus plot with zero offset locations at s= -4tj1 1S shown in 
FIQUEE  G.ced. With a root locus gain of 325, the system's 


dominant roots are located at s= -2+j2 as depicted in Figure 


3.3.€@. Note that the roots other than the dominant Toots 
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Figure 3.3.b Compensated System Root Loci without Zero 
Offsets 
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Figure 3.3.c Root Loci for Dominant Roots without Zero 
Offsets 
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Figure 3.3.d Compensated System Root Loci with Zero Offsets 
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Figure 3.3.e Final Compensated System Root Locus Plot 
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have not been Significantly moved from thelr natural oper. 
loop pole locations. The compensatec system block diagram 15 


Mowe Figuiwe 3.3.5. 
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Figure 3.3.f£ Compensated System Block Diagram 


The compensated system step response and BODE diagram are 


shown in Figures 3.3.g and 3.3.h respectively. 
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Figure 3.3.g Compensated System Step Response 


56 


3SUHd 


O° 09L- n 


0°09- 0°0Zi- 0°081- 0°Obe- 0°00t- 


0°0 





(93S Yad “Qby) Geo Sn, 
0 


es 
. 
° e 
@eceteae Poecesesetvresaseeoteces seecne-B.. 
© . A ST i 
oe? 5 


01 


0°02 0°0 0°02- O'0b- =: 0 09- 
(80) 3OGNLINOBW 


0°0b 


0°03 


h Compensated System BODE Diagram 


Figure 3.3. 


oy 


EXAMPEE 3.4 


K 
GC(s)= ——.—————— (3 88 
s(Stl1)(s+5)7(s+10) (s+50) (s+500) 
Dominant roots are chosen at s= -2+j32 to meet given system 
specifications. The G(s)H(s) function is 
K(s+2+j2)(s+2-j2)(s+rs)(S+re) (S+Yrs) 
G(s)H(s)= ——— (3298 
s(S+1)(s+5)*(s+10) (s+50) (s+500) 

Roots Yrs, Ye and rs are chosen at s= -4, -6 and <-9 
respectively. These roct locations aré chosen such that the 
roots do not move Significantly from their natural open loop 
pole locations, and the chosen dominant roots retain their 
deominan= syste “rote. It snoulad be clear that those rocts 
originating at poles farthest to the left of the desired 
qominant root locations are not controlled by the designer's 
chosen root locations. The farther away an open loop pole is 
from thé origin, the more gain 1S required to move thatweeee 
from its natural cpen loop pole Tceeatienr: By controdieaine 
those roots closest to the dominant roots, the concept of not 
moving the roots more than necessary from their natural 
location is reinforced. The sum of the open loop poles is 
571, and the sum of the five specified roots is 23. The 
remaining two unspecified roots should breakaway from the 
réal axis significantly to the left of the dominanGwage: 


locations. Figure 3.4.a shows the compensated root locus 
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Figure 3.4.a Compensated System Root Loci without Zero 
Offsets 


ao 


0.0 


plot as the gain approaches infinity. Zero offset locatuane 
are located at s= -5+)3.5 aS shown in Figure 3.4.b. Figure 
3.4.c shows the compensated system root loci with dominant 
roots at s= -2tj2 utilizing a root locus gain = 3g 
Clearly the roots have not been significantly moved from 
their natural open loop locations as depicted in Figure 


3.4.c. The compensated system roots are located at 
S= -1.96432.02, -4.92, -5.08, -9.85, -77.7, -=470 (one 


The compensated system step response and BODE diagram are 


shown in Figure 5.4.d and Figure 3.4.e respectively. 


C. Ne2z FEEDBACK STATES 

When N-2 states are available to be measured anc fedback, 
tne system designer may choose locations for N-3 roots. The 
G(sjH(s} function will have three excess poles that will 
fcilow asymptotic angles of -180° and #f60°. The ree@m@e 
originating at these three excess poles will attempt to go to 
infinity as thé gain approaches infinity. The designer 1s 
now primarily concerned with the roots originating at the two 
excess poles that will naturally follow asymptotic angles of 
+60°. As the gain is increased, these roots will move toward 
the right half plane, affect the dominance of the dominant 
roots, or perhaps even cause system instability. Clearly in 


designing a system that has N-2 states available for 
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Figure 3.4.b Compensated System Root Loci with Zero Offsets 
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Figure 3.4.c Final Compensated System Root Locus Plot 
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Figure 3.4.d Compensated System Step Response 
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teedsack, the 


Sf) 


Vostemmeeaect one: should attempt te control those 
roots originating at poles nearest the chosen dominant roost 
locations whenever possible. 

EXAMPLE 3.5 Equation 3.11 defines the G(s) function for a 
sixth order plant, and the G(s)H(s) function with dominant 
roots at s= -2tj2 is defined by equation 3.12. 

K 


G(s) = ——— (73) aoe! ) 
s(Sti)(s+5)7(s+10)(s+50) 
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Tne three unspecifiedo roctse will follow asymptotic angles of 


-180? and +t60° as the gain of tne system approaches infinity. 


The remaining specitiable root is chosen at s= -4. This is 
Moet an arbitrary choice. Two of the unspecified roots will 
have asymptotic é@ngies of +6C0° as the system gain is 


increased. We cannct control the distance that these two 


Nn 
=, 
gee 
k-- 


unspecified root travei toward the right half plane as 
the system gain 1S increased. Consequently, the system 
designer wants these uncontrollable roots to be as far left 
of the jw axis as possible. This will ensure system 
stability and hopefully retain a dominant role for the chosen 
dominant roots. Choosing the third root at s= -4 will 


guarantee that the two unspecified roots following asymptotic 


angles of +60° will initiate from poles at s= -5 and s= -10 


fan) 
cn 


ov 


foom classical root locus evaluation {[Ref. 3]. Piacingueeee 
zere of the G(s)H(s) function (s+4) between any other pole- 
pole combination in this particular case would result ines. 
than optimum results using root placement with only partial 
state feedback. The pole at s= -50 will follow an asymptotic 
angle of -180°. The root locus plot for the ia 
compensation scheme is shown in Figure 3.5.a. The numerical 
Value for the summation of the three specifiable roots is 8, 
while a numerical value of 63 remains for the sum cof the 
three unsEeciriea root Vecarrens- Figure 3.5.5 SiNOWSeiee 
genera. snape of the dominant root loci as the zeros cf the 
Gis'H(s} function approach the poles of the G(sj)H(s) ftnmotaen 
&5 tne Gali apiroaches intinity. Acceptable cero oftset 
re tocated at s= -3131.2 as shown in Figure Seo 
Figure 2£.5.d shows the compensated system root i1OCUS ious 
With va roct locus Gain 7ore veo The compensatea system 
block Cisscram 2S SnoOWM) In Figure 3yorer The roots Giiere 


compensated system are located at 


S= -1.9562)1.80, -4.26, -3.7392i) 35420 > =e ( 


CJ 
pee 
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The compensated system step response and BODE diagram are 


shown in Figures 3.5.f and 3.5.g respectively. 
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Figure 3.5.a Compensated System Root Loci without Zero 
Offsets 
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Figure 3.5.b Roct Loci for Dominant Roots without Zero 
Offsets 
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Figure 3.5.c Compensated System Root Loci with Zero Offsets 
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Figure 3.5.d Final Compensated System Root Locus Plot 
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Figure 3.5.g Compensated System BODE Diagram 
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PER SEC) 


K 


s(st+1)(s+5)7(S+10) (s+50) (Ss+500) 


With dominant roots chosen at s= -21j2, the G(s)H(S) EunGceuen 
becomes 
K(S+2+j2) (S+2-j2)(Str3) (StL) 


G(s)H(s)= ————_J___________ (3y 159) 
s{S+1)(s+5)7(S+10)(s+50) (s+500) 


Roots ra and re. aré chosen at S= -4 and sS= -6. The sum of 
the open iccsp poles 1s 571, ana the sum of the four spéciried 
rOObSe1s 14. The three unspecified roots will have a 


tt 


numerical sum o coy ee From classical root locus evaluation 


it 18 clear that the roots following asymptotic anglesmen 


+6C° will break away from the real axis between s= -10 and 
s= -5C. Tero oriset lecations at s= -4.34}3.42 are SHOW meee 
FIOULe 346..a. Figure 3.6.5 shows the compensated roct locus 


plot as the gain approaches infinity. A root locus gain of 


144,544 place 


ws) 


the dominant roots at s= -2432 as shown in the 
final root locus plot depicted in Figure eo. The 


compensated system has roots located at 


S= -2.044932.09, -4&4.82, -5.26, -14.43, -41.82, =501) eee 


The compensated system step response and BODE diagram are 


shown in Figures 3.6.0 and j76uemnmespectivel,. 
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Figure 3.6.a Root Loci for Dominant Roots with Zero Offsets 
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Figure 3.6.b Compensated System Root Loci with Zero Offsets 
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Figure 3.6.c Final Compensated System Root Locus Plot 
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Figure 3.6.d Compensated System Step Response 
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D. N-3 OR FEWER FEEDBACK STATES 

With N-= cr fewer states available to be measured ana 
fedback, the system deSigner may choose locations for N-4 or 
fewer roots depending on the particular problem. With N-3 
states available for feedback, the G(s)H(s) function will 
have four excess poles and the roots originating at these 
poles will follow asymptotic angles of #+45° and +135° towards 
infinity as the gain approaches infinity. The unspecified 
roots following asymptotic angles of +135° will not cause 
Stability problems. However, the roots following asymptotic 
angles of +45° are of crucial concern in terms of system 
stabiiity and dominant root locations. Clearly as the number 
ci states available te feedback decreases, roots originating 
at excess pole iccations move toward the right half plane at 
more acute angleées~-. Consequently, as the number of states 
availabe to feedback decreases, it becomes increasingly 
aifficu.t to ensure system stability, and even more diriveues 
tec retain the dominance c= the chosen Gominanc “soee 
JOCAtLo ns” In those cases where system compensation using 
only partial state feedback does not sSatisty |the wea 
performance requirements of the system, the designer should 
consider a combination of partial state feedback and other 


compensation schemes. 


°See Appendix B 


Pefntie ie 3.7 PHem—eolemeetmeCtlOn  £OCr a Sixth order plant is 


Ger ined in equation 3.17. 


K 


G(s)= Beir) 





s(S+1)(s+5)*(S+10) (S+50) 


With N-3 states available to feedback, the designer may 
choose only the dominant root locations. Once again it is 
assumed that the dominant root locations are required to be 
located at sS= -2+j2 to meet given system time performance 
Meeecirications. The four unspecified roots will attempt to 
go to infinity at asymptotic angles of +155° anc +45° as the 
Gain is increased. The uncompensated system root locus pict 
15S sown Bier aigure 3.7.an Zenpempotfiset locations at 
S= -2.52531.1 are shown in Figiire 35.7.6, and the compensatea 


MOreaemerce®: t5CUS Pisces With @ root locus gain of 12,022 is 


1 


Meee: PLGure S.7.c. Note that the rocts at s= -ttje hi 


@ 


Longer maintain tnelr dominant system role. The rootze of th 


compenzatean system are iocated at 


ae ieee toe Oo See ao. 3, =13),5 oS) 


The compensated system step response is shown in Figure 
3.7.d. If the characteristics of the resultant step response 
shown in Figure 3.7.d do not satisfy the time performance 
requirements of the system, the designer should consider 
using @ combination of partial state feedback and other 


compensaticn schemes. 
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Figure 3.7.b Compensated System Root Loci with Zero Offsets 
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Figure 3.7.c Final Compensated System Root Locus Plot 
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EXAMPLE 3.6 For the seventh order system in equation 3.19, 
there are N-3 states available to feedback, and the designer 
INay choose three roots. 
K 
G(s)= —~—$————— (3.795) 
s(s+1)(s+5)7(s+10)(s+50) (s+500) 
The dominant roots are chosen to meet the time performance 
requirements of the system. The G(s)H(s) function becomes 
K(st+2+j2)(St+2-j2) (S+4) 
G(s)H(s}= ————————qwuqoeX_“_ wu — (3 728 
s(Sstl1)(S+5)7(S+10) (S+50)(s+500) 
anc the compensated system root locus plot 1s shown in Figure 
3S. Baa 2ero offset locations at sS= -3.34j).5 are SNOW 
Figure 3.8.b, and the compensated system root locus plot is 
SNOWn in) Figure 3s) see. The roots of the compensated system 


are located at 


S= -1.961)31.97, -4.22, =-5.80194 19) ~> eee (3.20) 


The compensated system step response 1s shown in Figure 


348 7507 
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Figure 3.8.a Compensated System Root Loci without Zero 
Offsets 
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Figure 3.8.c Final Compensated System Root Locus Plot 
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E. CONCLUSIONS 

A procedure for root placement with partiai state 
feedback using transfer function methods was developed in 
this chapter. It was assumed that only the higher ordered 
states were not available to be measured and fedback. The 
coefficient of the N-1 term in the characteristic equation is 
the sum of the system's open loop poles, and is also the sum 
of the system roots. With partial state feedback, this sum 
is fixed and cannot be adjusted. The system's dominant roots 
are chosen to meet the time performance specifications of the 
system. The remaining specifiable roots chosen by the 
designer are chosen such that the roots move as little as 
peossibice from their natural open loop pole locations, yet 
allow the dominant roots to retain their dominant system 
role. Specific examples are presented throughout the chapter 
to demonstrate the design procedure. 

When N-1 states are available to be measured and feaback, 
N-2 root locations may be chosen. The system will have two 
excess poles that will follow asymptotic angles of +90°. ff 
the two excess poles breakaway from the real axis 
Significantly left of the dominant root locations, the 
designer should not experience much difficulty satisfying the 
system specifications. With N-2 feedback states, the system 
will have three excess poles that will follow asymptotic 
angles of -180° and +60°. As the system gain is increased, 


the roots following asymptotic angles of +60° will move 


S) A 


toward the rignt half plane, affect the dominance cf the 
dominant roots Oils perhaps cause system instability. 
Therefore, when N-2 states are available for feedback, the 
designer should attempt to control those roots originating at 
poles nearest the chosen dominant root locations. When N-3 


or fewer feedback states are available, it becomes more 


di f£tieuieT co "control" those roots originating at the 
system's excess poles. As the number of feedback states 
decreases, the number of excess poles increases, and the 


roots originating at these excess poles move toward the right 
half plane at more acute angles. Consequently it becomes 
more aifficult to ensure that the aqominant roots retain their 
dominamse role. 

The partial state feedback procedures presented in this 
chapter using transfer function methods are very applicable 
techniques. However, the pole-zero composition of the plant 
will determine the effectiveness of these design procedures. 
There are piants that cannct be compensated to satisfy given 
system specifications using only the partial state feedback 
procedures presented in this chapter. A combination of 
partial state feedback and other compensation schemes should 


be considered by the engineer in these cases. 


D2 


IV. PARTIAL STATE FEEDBACK: PLANT WITH A ZERO 


A. INTRODUCTION 

In Chapter III a partial state feedback design procedure 
was developed for root placement using transfer functions for 
the all pole plant. With partial state feedback, less than 
all of the system states are available to be fedback. It was 
shown that as the number of available feedback states 
decreases, 1t became increasingly difficult to meet required 
system specifications uSing only partial state feedback 
procedures. If the system plant under study contains a zero, 
the flexibility of the desSigner in satisfying the given 
Specifications is enhanced. There are few plants that 
contain a zero, and those that do contain a zero are built 
for very specific purposes. However, the same results aré 
obtained by compensating the system with a zero in cascade 
With the tftorward path of the system. The partial state 
feedback procedures developed in the previous chapter apply 
to the piant that contains a zero, or the system that 


contains a zero as a result of cascade compensation. 


B. APPLIED PROCEDURE 

When N-1 states are available to be measured and fedback, 
the system designer may choose locations for N-2 roots. If 
the forward path of the system contains a zero, either by 


design or by cascade compensation, the G(s)H(s) function will 


2:3 


have only one excess pole that will follow as asymptotic 
angle sof -180° as the gain 1S increased. Consequently the 
design problem in this case réduces to one that utilizes the 
full state feedback procedures discussed in Chapter ITI! 
EXAMPLE 4.1 The fourth order system designed in example 2.1 
now contains a zero as defined by equation 4.1. 
Kiso) 
S(s)= —___—_-—__ (4.1) 
s{s+5)(s+5)(s+10} 

with only N-1 feedback states, the system desSigner may choose 
only the <deminant)  ,ecteelecatrencse Dominant root locate 
are again cnosen arbitrarily at s= 2tj2 to Satisfy areiepam. 
time performanzse and sandwidth requirements of the system. 


The resuitant G(s)His) function is defined by equation Jaze 


KR(s+2+j2){(St2-j2)(st+9) 


G) 
ty 
ae 
un 
u 
5 
nm 


§(Ss+5)(s+5)(s+i0) 


Equation 4.¢ 1S Exactly the same as equation 2.6. The 
partiai state feedsack design problem is reduced to one that 
follows the full state feedback procedures discussed in 
Chapter II. 

The designer has an additional chosen root when designing 
a system with partial state feedback if the forward path of 
the system contains a zero. Note that the number of feedback 
states does not change when the system has a zero in the 


forward path. 
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BAAMPLE 4.2 Consider the sixth order system in Example <.7 


with N-3 states available to be fedback. Recall that it wa 


oP 


not possible to place dominant roots at s= -2+tj2 with N-3 
feedback states for this system using only transfer function 
methods. With a zero in the forward path of this system, the 
G(s)H(s) function is defined by equation 4.3. 
K(s+4)(S+2+j2) (st+2-j2) 
G(s)H(s)= —_lA_——_————___——————— (a) 
s(S+1)(s+5)7(sS+10) (s+50) 
Equaticn 4.3 is equivalent to equation 3.11. As a result of 
the zero ain the forward path of the system, a design probiem 
With N-3 feedback states can be reduced to a design problem 


with N-2 feedback states. 


C. CONCLUSIONS 

The previous examples demonstrated that the designer's 
flexibility in satisfving system specifications 1s enhanced 
when the forward path of the system contains a zero. A zero 
in the forward path cf the system defines a root location 
using design procedures with transfer function methods. The 
zero in the forward path of the system is a result of either 
the physical construction of the plant or by cascade 
compensation of the system. If the zero in the forward path 
of the system is due to the physical construction of the 
plant, it is assumed that the plant has been chosen to 


perform a particular task. If, however, the zero in the 


ES 


forward path is a result of cascade compensation, the 
designer may choose the zero location such that it defines a 
desired root location. In both cases, the flexibility opeeee 
Gesigner is enhanced uSing partial state feedback with 
transfer function methods when the system under. study 


contains a zero in the forward path. 


ee) 





V. CONCLUSIONS AND RECOMMENDATIONS 


State Feedback using transfer function methods is a very 
useful and effective design tool for automatic control 
systems. When all N states are available to be measured and 
fedback, the full state feedback design procedure using 
transfer function methods developed in Chapter II _ are 
equivalent to classical state variable root placement 
methods. WSiMGwEne  tmanSlebertinction approach to control a4 
system, only N-1 roots may be named by the designer, while 
the state variabie analysis approach requires that ail WN 
roots be specified. 

When fewer than N states are available to be measured anda 
fedback, an observer is usually built in the feedback path to 
estimate the unaccessible states. The design procedures 
developed in Chapter III using transfer function methods does 
not require an observer. However, as the number of feedback 
states decreases, it becomes increasingly difficult to meet 
the required system specifications using the transfer 
function design technique presented in this paper. When the 
system specifications cannot be satisfied using the design 
procedure presented in this paper, the designer should 
consider a combination of compensation schemes to satisfy the 
system specifications. The results of chapter IV show that 


by adding a zero in the forward path of the system, the 


a7 


designer's flexibility to satisfy system specifications are 
enhanced. The numpder of feedback states available is iimited 
by those factors discussed in Chapter I. Additionally, the 
physical limitations of the plant will determine the amount 
of feedback that can be used in terms of system gain. These 
constraints will ultimately determine the type and amount of 
compensation available to the designer to control the system. 

Both the full state and partial state feedback design 
procedures presented in this paper are effective tools in 


controlling an automatic control system. These techniques 


4 


will not work for aii systems, but should be considered by 
tne designer with other compensation schemes in an attempt to 
contrel the system in the most efficient and cost effevmiaa, 
manner. Two potential topics of further research for root 


placement using transfer function methods are: 


1. To build and test a physical realization for a CGijgiee 


+ 


system using the partial state feedback desicn 
techniques developed in this paper. 


To dévelop design procedures for partial state feedback 


3 


using a feedback filter. The zeros of the filter 
determine the system root locations, and the poles of 
the filter become the system's excess poles and are 


chosen significantly to the left of the jw axis. 
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APPENDIX B ASYMPTOTIC ANGLES FOR EXCESS POLES 
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